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3
MODELS DEALING WITH 
SPATIAL DEPENDENCE

LEARNING OBJECTIVES

• Understand why and when to account for spatial dependence and 
how to interpret the diagnostics for spatial dependence in standard 
linear regression.

• Understand when and how to fit a spatial lag model, interpret the 
spatial lag effect, and use appropriate diagnostics to assess the model.

• Understand when and how to fit a spatial error model, interpret the 
spatial error effect, and use appropriate diagnostics to assess the model.

• Identify appropriate spatial weight matrices to use in a spatial lag 
model or a spatial error model.

• Describe the cautions about using a spatial lag model and a spatial 
error model.

• Choose between a spatial lag model and a spatial error model in 
fitting to data.

In Chapters 1 and 2, we introduced basic concepts and methods of exploratory  
spatial data analysis. When we conduct exploratory spatial data analysis, we might 

find that spatial autocorrelation (or dependence) and/or spatial heterogeneity are 
present in the response variable and/or explanatory variables. As a common practice, 
we fit standard linear regression models to examine the relations between explanatory 
variables and the response variable, and we might find spatial dependence and/or 
spatial heterogeneity in the residuals after the model fit.
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56  Spatial Regression Models for the Social Sciences

If there is spatial dependence and/or spatial heterogeneity in a response variable 
or residuals, should we, and how do we, account for them? In this and Chapter 4, 
we introduce models dealing with spatial dependence. In Chapter 5, we introduce 
models dealing with spatial heterogeneity.

In this chapter, we start with standard linear regression models (Section 3.1) and 
discuss how to diagnose spatial dependence and, if it exists, how we can account 
for it. We then introduce two often-used basic spatial regression models—spatial 
lag models (Section 3.2) and spatial error models (Section 3.3).

Each of the three sections is illustrated with a data example examining pop-
ulation change from 1990 to 2010 at the minor civil division (MCD) level in 
Wisconsin. More advanced models dealing with spatial dependence are intro-
duced in Chapter 4.

3.1 STANDARD LINEAR  
REGRESSION AND DIAGNOSTICS  
FOR SPATIAL DEPENDENCE
3.1.1 Standard Linear Regression

Standard linear regression models assuming independent errors are familiar to 
social scientists. As a common practice, standard linear regression models are 
often fitted before considering more advanced models. Here we briefly review such 
models with the main purpose of diagnosing possible spatial dependence and thus 
building the grounds for using spatial regression models.

To begin, a standard linear regression model expressed in matrix notation is

 Y X= β + ε  (3.1)

where

Y is an n-by-1 vector of n observations on the response variable,

X is an n-by-p design matrix with a vector of n ones in the first column for the 
intercept and p − 1 (n-by-1) vectors of explanatory variables in the remaining 
columns,

β is a p-by-1 vector of regression coefficients, and

ε is an n-by-1 vector of n error terms that are independently and identically distrib-
uted as normal distribution with mean 0 and a constant variance.

Copyright ©2020 by SAGE Publications, Inc.  
This work may not be reproduced or distributed in any form or by any means without express written permission of the publisher. 

Do n
ot 

co
py

, p
os

t, o
r d

ist
rib

ute



Chapter 3 ■ Models Dealing With Spatial Dependence  57

The vector of regression coefficients β can be estimated by the ordinary least 
squares (OLS) method such that the total squared difference between the observed 
and the expected values of the response variable, (Y – Xβ)T(Y – Xβ), is minimized 
with respect to β. The OLS estimate of β is thus based on the data Y and the design 
matrix X and provides an estimate of the relations between the response variable Y 
and the p – 1 explanatory variables in the design matrix X.

For drawing statistical inference about the unknown vector β such as hypothesis 
testing and constructing confidence intervals, however, model assumptions are 
needed. A standard linear regression model generally assumes that the error terms 
have mean zero and are independently, identically, and normally distributed (e.g., 
Draper & Smith, 1998; Fox, 1997; Greene, 2000). That is, in equation (3.1), the 
model is linear in the sense that the regression coefficients enter the model lin-
early via addition, subtraction, or multiplication but not division, exponentiation, 
or other nonlinear forms. Furthermore, it is assumed that the errors are indepen-
dent and follow a normal distribution with mean zero and a constant variance. 
Under these assumptions, the OLS estimate of β is unbiased, normal, and statis-
tically efficient in the sense that the variance of the OLS estimate is minimized 
among all linear unbiased estimators. Alternatively, maximum likelihood estima-
tion (MLE) can be used to provide the parameter estimates that make the data 
most probable in terms of a likelihood function (Millar, 2011). For the standard 
linear regression, the OLS estimates and the MLEs for the regression coefficients 
β are the same.

When these model assumptions are not adequately met, however, the subsequent 
statistical inference of the parameters in the standard linear regression model may 
not be appropriate or reliable. In particular, if the errors are spatially dependent, 
the OLS estimate of β can still be unbiased and normal but is no longer efficient. 
Alternative models and estimation procedures (e.g., generalized least squares) that 
take into account spatial dependence would generally be more efficient. Thus, it is 
important to perform model diagnostics that examine whether the model assump-
tions are reasonably met.

Diagnostics for standard linear regression models are often based on residuals, 
which are the differences between the observed and model-fitted values of the 
response variable. Residual analysis is often performed by examining patterns in 
various residual plots. Certain distinct patterns in the residuals may suggest depar-
ture from model assumptions and indicate nonlinear relations, unequal variances, 
and/or nonnormality. Testing for nonlinear relations helps reveal anisotropy and 
nonstationarity (Bailey & Gatrell, 1995; Graaff, Florax, Nijkamp, & Reggiani, 

In a standard linear 
regression model, 
the error terms are 
assumed to have 
mean zero and are 
independently, 
identically, and 
normally distributed.

Standard linear 
regression model 
diagnostics are often 
based on residuals—
the differences 
between the 
response variable’s 
observed values and 
model-fitted values.
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58  Spatial Regression Models for the Social Sciences

2001). Unequal variances, or heteroscedasticity, can be revealed with tests such 
as the Breusch-Pagan test (Breusch & Pagan, 1979) or the Koenker-Bassett test 
(Koenker & Bassett, 1982). Nonnormality can be revealed using tests such as the 
Jarque-Bera test (Bera & Jarque, 1980), which has an asymptotic chi-squared dis-
tribution with two degrees of freedom. If there is clear evidence of departure from 
any of the model assumptions, remedial measures should be considered.

A common remedial measure is the transformation of the response variable and/or 
the explanatory variables to better conform to the assumptions of linearity, equal 
variance, and normality. For example, the response variable is examined and possi-
bly transformed to have an approximate normal distribution. For each explanatory 
variable, linearity against the response variable is examined and possibly corrected 
via transformation. Although not a model assumption, multicollinearity occurs 
when some of the explanatory variables are highly correlated. Multicollinearity can 
be concerning, as the estimated coefficients may be unreliable, and thus is often 
examined as a part of the model diagnostics, such as via a variance inflation factor 
(Allison, 1999) or a multicollinearity condition number1 (Anselin, 2005).

3.1.2 Diagnostics for Spatial Dependence

From the spatial regression perspective, we are particularly interested in the indepen-
dence assumption of the errors, which could be violated due to spatial dependence. 
If there is clear evidence of spatial dependence, standard linear regression fitting 
may no longer be appropriate. For example, the standard errors of the regression 
coefficients may be overestimated (or underestimated), indicating an overstatement 
(or understatement) of the significance of relations (Baller et al., 2001; Doreian, 
1980; Loftin & Ward, 1983). Tools for diagnosing spatial dependence, particularly 
spatial autocorrelation, include Moran’s I plot2 and Moran’s I statistic of the resid-
uals (Baller et al., 2001; Cliff & Ord, 1972; Hepple, 1998; Loftin & Ward, 1983).

If the errors are diagnosed to be spatially dependent, a common remedial mea-
sure is to expand the standard linear regression models to spatial linear regression 
models, types of which we introduce in Sections 3.2 and 3.3. Most of these spatial 

1A multicollinearity condition number is not a test statistic but a diagnostic of the regression stability due to 
multicollinearity. A condition number over 30 typically suggests potential issues due to multicollinearity.

2Moran’s I plot of errors can also detect if there are any outliers. Outliers are not necessarily “bad,” and 
further exploration of the outliers might provide interesting findings. Practically, we can code the outliers 
as one explanatory variable, where the outliers are represented as 1 and the others as 0. If the coefficient 
significantly differs from zero, there is evidence that these are “real” outliers. In spatial data analysis, outliers 
detected by a Moran scatterplot may indicate possible problems with the specification of the spatial weight 
matrix or with the spatial scale at which the observations are recorded (Anselin, 1996). Outliers should be 
studied carefully before being discarded (Mur & Lauridsen, 2007).

If the residuals of 
standard linear 
regression models 
show clear spatial 
dependence, such 
model fitting 
may no longer be 
appropriate.
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Chapter 3 ■ Models Dealing With Spatial Dependence  59

regression models consider spatial lag dependence and/or spatial error dependence, 
two basic types of spatial dependence.

The appropriateness of a spatial regression model with respect to spatial lag depen-
dence and spatial error dependence can be partly indicated by

• the Lagrange multiplier (LM) test (Bera & Yoon, 1993) and

• the robust LM test.

The LM test statistic follows a chi-squared distribution with one degree of freedom 
under the null hypothesis of no spatial dependence and can be used to reveal spatial 
dependence in the form of an omitted spatially lagged dependent variable and/or spa-
tial error dependence (Anselin, 1988a). When the lag dependence and error depen-
dence are both found to be statistically significant using the LM test, a robust LM test 
can reveal further spatial dependence (Baltagi & Yang, 2013). The robust LM test can 
be used to diagnose spatial lag dependence in the presence of spatial error dependence 
and to diagnose spatial error dependence in the presence of a spatially lagged depen-
dent variable (Anselin, Bera, Florax, & Yoon, 1996). MLE can be used to estimate the 
parameters in the appropriate spatial regression model indicated by the robust LM test.

3.1.3 Model Evaluation

For a given data set, various linear regression models can be specified. Measures of 
model fit have often been used to evaluate the goodness of model fitting to data and 
to compare different models. In quantitative social science research that uses stan-
dard linear regression, it is common practice to specify multiple candidate models 
and select the best-fitting model to use for drawing inference and discussing results 
in a scientific context. Social scientists have traditionally used R2 and adjusted R2 
as the measures of fit of standard linear regression models. In this chapter, we dis-
cuss alternative measures of fit, including the likelihood ratio test (LRT), Akaike’s 
information criterion (AIC) (Akaike, 1973), and Schwartz’s Bayesian information 
criterion (BIC) (Schwartz, 1978), when addressing spatial regression models.

3.1.4 When Do We Need to  
Account for Spatial Dependence?

So far, we have learned the diagnostics for spatial dependence in the response 
variable and explanatory variables as well as for spatial dependence in the model 
residuals. The question is, should we always account for spatial dependence when 
it is diagnosed? From a statistical perspective, whether a spatial regression model is 
needed is based on the indication of spatial dependence among the standard linear 

LM test and the 
robust LM test can 
help indicate the 
appropriateness of 
a spatial regression 
model with 
respect to spatial 
lag dependence 
and spatial error 
dependence.
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60  Spatial Regression Models for the Social Sciences

regression residuals rather than that from the observations of the response variable 
or explanatory variables. The observations of the response variable or explanatory 
variables may exhibit spatial dependence—in other words, one or more of the 
variables may exhibit a spatial pattern from one place to another; however, the 
spatial dependence of a variable itself does not necessitate a spatial regression model 
because the spatial dependence of the response variable might be explained by the 
possible spatial dependence of other explanatory variables.

For instance, we know that infrastructure investment is a strong predictor of eco-
nomic output such as employment growth at aggregated levels (Boarnet, 1997). We 
fit a standard linear regression model in which employment growth is a function 
of infrastructure investment in a certain time period at a certain geographic level. 
If employment growth exhibits strong spatial autocorrelation, that does not neces-
sitate a spatial regression model—infrastructure investment might exhibit similar 
spatial autocorrelation. The spatial autocorrelation of infrastructure investment 
may be able to explain most of the spatial autocorrelation of employment growth, 
making the standard linear regression residuals not autocorrelated in space. In this 
case, a spatial regression model is not needed for the analysis. However, the spatial 
autocorrelation of infrastructure investment may not be able to explain most of the 
spatial autocorrelation of employment growth, making the standard linear regres-
sion residuals spatially autocorrelated. In this situation, a spatial regression model is 
desirable to account for the spatial autocorrelation in the model errors.

3.1.5 Data Example

3.1.5.1 Population Change and Its Explanatory Variables

As discussed in Section 2.4, throughout this book, we use the data example of 
population change in Wisconsin from 2000 to 2010 and its relation with its 
explanatory variables to demonstrate the use of various spatial regression models. 
In this section, we fit a standard linear regression model on the example data set as 
the starting point for explaining when and what kind of spatial regression models 
are needed.

Table 3.1 shows the MLEs of the regression coefficients, their standard errors, and 
the level of significance indicated by p-values for testing whether the true regres-
sion coefficient is zero. The intercept is estimated to be 0.077 with a standard 
error of 0.019. In general, however, its significance is not of particular interest, as 
it concerns the expected response variable (here, population change) when all the 
explanatory variables are held at zero. All explanatory variables are statistically sig-
nificant at the α = .05 level in explaining population change from 2000 to 2010. 

The need for a 
spatial regression 
model is based 
on the spatial 
dependence 
indicated among 
the standard 
linear regression 
residuals.
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Chapter 3 ■ Models Dealing With Spatial Dependence  61

A more nuanced approach to interpret the p-values is based on the strength of the 
evidence. Roughly speaking, when a p-value is less than .001 (***), between .001 
and .01 (**), between .01 and .05 (*), between .05 and .10, or greater than .10, we 
consider the evidence against the null hypothesis to be very strong, strong, moder-
ate, weak, or none, respectively. We recommend this approach to supplement the 
interpretation of p-values based on significance testing.

There is very strong evidence that population change has a positive relation with 
previous growth; each additional 1 percent of previous growth is associated with 
0.07 percent of population change in 2000 to 2010, with all the other explana-
tory variables held constant. Population change in a unit of geography is often 

TABLE 3.1     Standard linear regression results by maximum 
likelihood estimation

Variable Coefficient SE

Intercept 0.077*** 0.019

Previous growth 0.071*** 0.021

Old −0.335*** 0.060

Unemployment −0.279* 0.109

Airport 0.161* 0.079

Forest −0.086*** 0.015

Land developability 0.046** 0.018

Diagnostics for spatial dependence

 Moran’s I for residuals 0.119***

 LM test for lag 76.189***

 LM test for error 57.038***

 Robust LM test for lag 43.806***

 Robust LM test for error 24.655***

Measures of fit

 Log-likelihood 1,108.98

 AIC −2,203.95

 BIC −2,165.34

Note: 4-nearest neighbor weight matrix is used for diagnosing spatial dependence. LM = Lagrange 
multiplier; AIC = Akaike’s information criterion; BIC = Schwartz’s Bayesian information criterion; 
SE = standard error.

*Significant at the α = .05 level. **Significant at the α = .01 level.***Significant at the α = .001 level.
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62  Spatial Regression Models for the Social Sciences

influenced by the trend of its previous population change. Population growth (or 
decline) in the past is affected by its growth mechanism and areal characteristics 
(Chi, 2012), and the effect could continue into the current time period. This has 
been acknowledged in many demographic studies conducting time-series analysis 
and population forecasting (e.g., Chi, 2009).

There is very strong evidence that population change has a negative relation with 
old, the percentage of the old population (sixty-five and older); each additional 
percentage of the old population is associated with 0.34 percent of population 
decline in 2000 to 2010. This finding is consistent with those from previous studies 
that found that places with high percentages of old populations are more likely to 
experience population decline (e.g., Humphrey, 1980). This is due to at least two 
reasons. One, the older population has a higher mortality rate than the younger 
population, which contributes to higher mortality in places with higher percent-
ages of old populations than in places with lower percentages of old populations 
(i.e., higher percentages of young populations). Two, the older population mem-
bers are “stayers” but the younger population members are “movers” (Chi & Voss, 
2005); places with higher percentages of old populations may have this higher 
old population as a result of their loss of the young population due to their unat-
tractiveness (e.g., rurality) to the younger population.

There is moderate evidence that population change has a negative relation with 
unemployment; each additional 1 percent of unemployment is associated with 0.28 
percent of population decline in 2000 to 2010, with all the other explanatory vari-
ables held constant. This finding is consistent with findings from previous research 
that argue employment is one of the most important determinants affecting migra-
tion decision making (DaVanzo, 1981). Increased availability of local employment 
opportunities can attract migrants due to the stimulation of household labor use 
and its effect on household incomes.

There is moderate evidence that population change has a positive relation with 
airport; each additional unit in proximity to airport (measured as the inverse dis-
tance) is associated with 16.1 percent of population growth in 2000 to 2010, with 
all the other explanatory variables held constant. This finding is also consistent 
with findings from previous research, which found airports play an important 
role in promoting economic growth and development. Compared with highways 
and railways, airports provide more convenient long-distance travel and thus 
attract migrants who appreciate this convenience. Airports also increase intercity 
agglomeration (Kasarda & Lindsay, 2011) because air travel reduces distance limits  
on economic and social interactions (Irwin & Kasarda, 1991), linking cities, 
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Chapter 3 ■ Models Dealing With Spatial Dependence  63

increasing distant cities’ interactions, and integrating individual economic regions 
into a nationwide or worldwide economic region (Brueckner, 2003). Thus, airports 
promote population change (Zipf, 1946).

There is very strong evidence that population change has a negative relation to for-
est; each additional 1 percent of forest coverage is associated with 0.09 percent of 
population decline in 2000 to 2010, with all the other explanatory variables held 
constant. Although forests are a natural amenity and might be pleasant to people, 
forests do not, in and of themselves, have much recreational value. Forests become 
attractive only when they are accessed through managed recreational areas, such as 
parks, trails, wildlife refuges, and fishing areas. This finding can be partially supported 
by McGranahan (2008), who found that a moderate amount of forest coverage pro-
motes population growth at the county level but too much forest does not.

Finally, there is strong evidence that population change has a positive relation with 
land developability; each additional 1 percent of land available for development is 
associated with 0.05 percent of population growth in 2000 to 2010, with all the 
other explanatory variables held constant. The development is limited by the avail-
ability of lands for conversion and development. The higher the land developability 
is, the higher the potential of the development, which would lead to growth and 
development (Chi, 2010b).

3.1.5.2 Model Diagnostics Using  
Standard Linear Regression Residuals

While the results from the standard linear regression model sound reasonable, we 
now ask, is the model specification adequate? If not, the model-fitting results can be 
unreliable. The standard linear regression model has several assumptions, includ-
ing linearity, independence, normality, and equal variance. While it is important 
to examine each of them, in this book, we focus on the independence assumption 
as it relates to why we need spatial regression models.

After fitting the standard linear regression model, we examined whether the residuals 
indicate that the errors are spatially dependent. We calculated Moran’s I statistics of 
the residuals based on the forty spatial weight matrices as introduced in Section 2.2. 
Residuals of the standard linear regression model exhibit statistically significant spa-
tial dependence with strong evidence based on any of the forty spatial weight matrices 
(online Appendix B.2). The evidence of spatial dependence was the strongest based 
on the 4-nearest neighbor weight matrix. The distribution of residuals based on the 
4-nearest neighbor weight matrix is also illustrated in Figure 3.1, which shows clear 
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64  Spatial Regression Models for the Social Sciences

evidence of residual clusters. For example, high and positive residuals were clustered 
along I-94 from Minneapolis to Eau Claire and Warsau and along I-90 from La 
Crosse to Madison; high and negative residuals were distributed throughout many 
towns in Wisconsin.

Although we know from these results that there is spatial dependence, we do 
not know yet how to go about modeling the spatial dependence or what type of  
spatial dependence it is. To explore this, we may use LM tests for lag dependence 
and error dependence. Based on the 4-nearest neighbor weight matrix, both the 
spatial lag dependence and spatial error dependence are statistically significant 
with strong evidence (Table 3.1; online Appendix B.2). We further use the robust 
LM tests for lag dependence and error dependence to compare them. Based on the 
4-nearest neighbor weight matrix, again, the spatial lag dependence and spatial 
error dependence are statistically significant with strong evidence in addition to the 

FIGURE 3.1     Residuals of the standard linear regression 
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Chapter 3 ■ Models Dealing With Spatial Dependence  65

type of spatial dependence. This suggests that we should include both spatial lag 
dependence and spatial error dependence in the model.

3.2 SPATIAL LAG MODELS

In Section 3.1, we reviewed standard linear regression models. If there is clear evi-
dence that the residuals are spatially dependent, the spatial dependence should be 
accounted for. One way to do so is via spatial linear regression models. A spa-
tial linear regression model can be considered a generalization of a standard linear 
regression model in that spatial models allow and explicitly account for spatial 
dependence in the error term (Anselin, 1988b). The usual regression coefficients of 
the explanatory variables (β) and the variance of the error term (σ2) are the model 
parameters. The spatial regression models that are most commonly used also have a 
spatial dependence parameter (ρ) measuring the strength of the spatial dependence. 
Both a variance weight matrix (D) and a spatial weight matrix (W) corresponding 
to a neighborhood structure are specified before the model is fitted. Although more 
complicated spatial dependence models are possible, the focus in this chapter is 
restricted to models with only one spatial dependence parameter. We start with 
spatial lag models in this section.

3.2.1 What Is a Spatial Lag Model?

A spatial lag model relates a response variable and a set of explanatory variables via 
regression as in standard linear regression (Anselin & Bera, 1998). In addition, the 
response variable is autoregressed on spatially lagged response variables. A spatial 
lag model is specified as

 Y X WY= + +β ρ ε  (3.2)

where

Y is an n-by-1 vector of response variables,

X is an n-by-p design matrix of explanatory variables,

β is a p-by-1 vector of regression coefficients,

ρ is a scalar spatial lag parameter,

W is an n-by-n spatial weight matrix, and

ε is an n-by-1 vector of error terms that are normally and independently but not 
necessarily identically distributed.

Spatial regression 
models allow and 
explicitly account for 
spatial dependence 
in the error term.

A spatial lag model 
relates explanatory 
variables and a 
response variable 
as in a standard 
linear regression 
model, except the 
response variable 
is autoregressed 
on spatially lagged 
response variables.

WY denotes a 
spatially lagged 
variable because it is 
a weighted average 
of the neighborhood 
response variables.
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66  Spatial Regression Models for the Social Sciences

When ρ = 0, the spatial lag model (equation [3.2]) is reduced to the standard linear 
regression model (equation [3.1]). That is, the standard linear regression model 
(equation [3.1]) is nested in the more advanced spatial lag model (equation [3.2]). 
Since Y denotes the response variable and W denotes the spatial weight matrix, WY 
(also known as autocovariate or autoregressor) denotes a spatially lagged variable in 
the sense that it is a weighted average of the response variables in the neighborhood. 
Thus, the spatial lag model (equation [3.2]) builds a relation between the response 
variable in an areal unit with a weighted average of the response variables at neigh-
boring areal units. To do this, we need to

• identify the neighbors by defining a neighborhood structure and

• provide weights to the neighbors.

Both are featured in the spatial weight matrix, W.

3.2.2 Model Fitting via Maximum Likelihood

For spatial linear regression model fitting, OLS estimation is limited because it does 
not directly account for spatial dependence in the data. An alternative approach 
for estimation and inference is based on maximum likelihood. While these two 
estimations are often discussed with more rigorous mathematical statistics in other 
textbooks, here we aim to contrast them intuitively.

The OLS estimation, as the name suggests, selects a set of regression coefficients 
that results in the least squares of errors (i.e., the difference between the observed 
and fitted values of the response variable) among all possible sets of regression 
coefficients. When we fit regression by OLS within a software package, say Stata 
or SPSS, the output provides the set of parameter estimates that makes the sum of 
squared errors the smallest. The MLE method, also as the name suggests, selects 
the set of parameter estimates (including the coefficients and spatial parameters) 
that results in the maximum likelihood (i.e., the largest probability) of the observed 
data (Millar, 2011). For the MLE, the likelihood of observed data is a function of 
the parameters. Intuitively, there could be an infinite number of combinations of 
the parameters, and each set results in a likelihood value. Among all the likelihood 
values, we want the parameters that make the data most probable with the highest 
likelihood. The resulting parameters are called maximum likelihood estimates.

In the likelihood inference framework, the often-used measures of the goodness 
of the model fit include maximum log-likelihood value, Akaike’s information  

A spatial lag model 
relates the response 
variable in one 
areal unit with a 
weighted average 
of the neighboring 
areal units’ response 
variables.

OLS estimation  
chooses the model 
fitting that has 
resulted in the least 
squares of errors.

MLE method  
chooses the set of 
parameter estimates 
that has resulted 
in the maximum 
likelihood of the 
observed data.
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Chapter 3 ■ Models Dealing With Spatial Dependence  67

criterion (AIC) (Akaike, 1973), and Schwartz’s Bayesian information criterion 
(BIC) (Schwartz, 1978). Nested models (simpler models reduced from another 
more complex model after constraining certain parameters in the complex model) 
can be compared by a likelihood ratio test (LRT). For nonnested models, AIC and 
BIC are often used; they measure the model fitting to the data but penalize overly 
complex models. Models having a smaller AIC or a smaller BIC are considered the 
better models in the sense of model fitting balanced with model parsimony.

3.2.3 Model Diagnostics

There are several model diagnostics to perform when fitting a spatial lag model. 
One set of diagnostics is performed after fitting a standard linear regression model. 
It includes diagnostics for possible multicollinearity among explanatory variables, 
possible heteroscedasticity by the Breusch-Pagan test (Breusch & Pagan, 1979), 
and the spatial Breusch-Pagan test, among others.

Another set of diagnostics is for detecting possibly remaining spatial dependence 
after accounting for spatial lag dependence through the spatial lag model. The 
possibly remaining spatial lag dependence can be diagnosed by an LRT, and the 
possibly remaining spatial error dependence can be diagnosed by the LM and 
robust LM tests. It can happen that two different models fit the data about equally 
well, as there may not be enough information in the data to pinpoint what the 
“true” model is (as if a true model exists).

3.2.4 When Is a Spatial Lag Model Needed?

When we want to explain (or model) a response variable, we usually start with a 
standard linear regression model. If the OLS residuals provide clear evidence that 
the errors have spatial lag dependence, that is, if the OLS residuals can be explained 
by the weighted average of the response variables in the neighborhood, a spatial lag 
model would be appropriate to examine the response variable.

It should be noted that whether a spatial lag model is needed is based on the indi-
cation of spatial dependence among the OLS residuals rather than the observations 
of the response variable. The observations of the response variable may display spa-
tial dependence; in other words, the response variable may exhibit a spatial pattern 
from one place to another. However, the spatial dependence of the response vari-
able itself does not necessitate a spatial lag model because the spatial dependence of 
the response variable might be explained by the possible spatial dependence of its 
explanatory variables. This was discussed in an example in Section 3.1.

The necessity of a 
spatial lag model 
is indicated by the 
spatial dependence 
among the OLS 
residuals.
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68  Spatial Regression Models for the Social Sciences

3.2.5 Which Spatial Weight Matrix  
to Use in a Spatial Lag Model?

To fit a spatial lag model, a spatial weight matrix needs to be prespecified. However, 
there are many types of spatial weight matrices with different specifications. The 
use of different spatial weight matrices will result in different parameter estimates  
(β and ρ). One practical question arises regarding which spatial weight matrix to use 
when fitting a spatial lag model. As addressed in Section 2.2, if there are theories or 
previous studies suggesting an appropriate spatial weight matrix for the phenom-
enon under study, adopting the suggested spatial weight matrix is recommended.

If there are no such theories or previous studies, which often happens when the line 
of research has not seen much spatial regression analysis, a data-driven approach 
can be considered to select an appropriate spatial weight matrix. One approach is to 
fit the spatial lag model with a variety of spatial weight matrices and select the one 
that encompasses the highest spatial dependence of the response variable in combi-
nation with a high level of statistical significance (Chi & Zhu, 2008). Alternatively, 
one may use an information criterion, such as AIC or BIC, to compare the fit of 
the models under different spatial weight matrices. Other approaches are possible 
and continue to be developed. By and large, it appears to remain an open research 
question as to how to properly or even optimally specify the spatial weight matrix.

3.2.6 Cautions About Spatial Lag Models

Cautionary note 1: The spatial lag effect can be either positive or negative. The spatial 
lag effect is not necessarily always positive. A negative spatial lag effect is also pos-
sible. A positive spatial lag effect is sometimes called a spread effect and a negative 
spatial lag effect is called a backwash effect in growth pole theory (Perroux, 1955). 
For example, the growth and development in a central city might draw resources 
from the surrounding areas, which leads to a decline in the surrounding areas; this 
is a negative or backwash effect.

Cautionary note 2: Interpretation of a statistically significant spatial lag coefficient is 
not always straightforward. Although strong spatial dependence may be indicated 
by a statistically significant spatial lag term, that spatial lag term may also indicate 
a mismatch of the spatial scales between the one at which the phenomenon is 
studied and the one at which it is measured. This is part of the scale effect of the 
modifiable areal unit problem (MAUP) (Fotheringham & Wong, 1991; Robinson, 
1950). The MAUP should be carefully considered, although it is familiar to most 
scientists who deal with spatial analysis.

Different spatial 
weight matrices 
will result in 
different parameter 
estimates.

How to properly and 
optimally specify a 
spatial weight matrix 
remains an open 
research question.
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Chapter 3 ■ Models Dealing With Spatial Dependence  69

Cautionary note 3: The expectation of Y is not Xβ unless ρ = 0. This imposes dif-
ficulty on the interpretation of β. Because of the autoregressive term ρWY on 
the right-hand side of equation (3.2), the expectation of the response variable Y 
involves Xβ and ρW. Thus, the usual interpretation of the regression coefficients β 
no longer holds and it is not straightforward to tease apart the associations due to 
the explanatory variables and those due to the autoregressors WY.

3.2.7 Data Example

Many social science phenomena could potentially exhibit spatial lag effects and 
thus could be modeled by spatial lag models. Examples include housing prices, 
population growth, employment growth, crime, and many others.

For instance, population growth is found to exhibit spatial lag effects (also called 
spatial spillover effects or spatial diffusion effects) (Hudson, 1972). A place’s growth 
likely leads to growth in its surrounding areas: in a situation where a place expe-
riences population growth that causes housing prices to increase, some residents 
leave for neighboring places with lower housing prices until the prices reach equi-
librium; in a situation where a place experiences population decline that causes 
housing prices to decrease, some residents from neighboring places will move into 
this place until the prices reach equilibrium.

To illustrate the use of a spatial lag model, we use our example that examines 
population growth from 2000 to 2010 and its relation to its explanatory variables 
at the MCD level in Wisconsin. We expect that the explanatory variables cannot 
sufficiently explain population growth and that spatial lag dependence might exist 
in the standard linear regression model residuals. We further apply a spatial lag 
model to account for the spatial lag dependence.

According to the standard linear regression (via OLS estimation) results (Table 3.1; 
online Appendix B.2), the residuals exhibit statistically significant spatial depen-
dence based on any of the forty spatial weight matrices. The LM and robust LM 
tests indicate that the standard linear regression residuals exhibit both spatial lag 
and spatial error dependence. In this section, we focus on the spatial lag depen-
dence and apply spatial lag models to deal with it.

As discussed previously in this chapter, the use of different spatial weight matrices 
could result in different model parameter estimates. For illustration purposes, we 
fit spatial lag models with all forty spatial weight matrices in this chapter. Online 
Appendix B.3 shows that the parameter for the spatial lag effect and the regression 
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70  Spatial Regression Models for the Social Sciences

coefficients for the explanatory variables vary when the spatial lag model is fitted 
with different spatial weight matrices. Because of this variation, it is recommended 
to select an appropriate spatial weight matrix and justify it when fitting spatial lag 
models, although some existing studies select a spatial weight matrix without such 
justifications.

As discussed previously, it remains an open research question as to how to properly 
or even optimally specify the spatial weight matrix. Here we use two approaches 
for illustrative purposes:

• One based on the spatial dependence of the response variable

• One based on information criteria

Based on the former, the more appropriate spatial weight matrix to choose is the 
one that captures the maximum spatial dependence of the response variable com-
panioned with a high level of statistical significance. According to Table 2.2, pop-
ulation growth from 2000 to 2010 (the response variable) has the highest Moran’s 
I value based on the 4-nearest neighbor weight matrix among forty spatial weight 
matrices. Using this weight matrix, we fit a spatial lag model. Comparing the 
results (Table 3.2; model 6 of online Appendix B.3) to the standard linear regres-
sion results (Table 3.1), the spatial lag model is better fitted to data balanced with 
model parsimony based on the fact that the AIC and BIC values are smaller in the 
spatial lag model than those in the standard linear regression model. Therefore, the 
spatial lag model is deemed better than the standard linear regression model for 
interpreting the association of the explanatory variables with population growth. 
The clusters of residuals (Figure 3.2) are fewer and less obvious than those of the 
standard linear regression residuals (Figure 3.1).

TABLE 3.2     Spatial lag model results based on the 4-nearest 
neighbor weight matrix

Model 6

Intercept 0.060**

Previous growth 0.053**

Old –0.262***

Unemployment –0.245*

Airport 0.113
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Chapter 3 ■ Models Dealing With Spatial Dependence  71

FIGURE 3.2     Residuals of the spatial lag model based on the 
4-nearest neighbor weight matrix

Model 6

Forest –0.064***

Land developability 0.036*

Spatial lag 0.248***

Measures of fit

 Log-likelihood 1,142.03

 AIC –2,268.05

 BIC –2,223.92

Note: AIC = Akaike’s information criterion; BIC = Schwartz’s Bayesian information criterion.

*Significant at the α = .05 level. **Significant at the α = .01 level. ***Significant at the α = .001 level.
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72  Spatial Regression Models for the Social Sciences

Overall, the coefficient magnitudes (in terms of the absolute value) of the explana-
tory variables in the spatial lag model are smaller than those in the standard linear 
regression model. The statistical significance of the coefficients does not change 
much except that the proximity to airports becomes statistically insignificant at 
the α = .05 level. Each additional 1 percent of previous population growth is asso-
ciated with 0.05 percent of population growth in 2000 to 2010, with all the other 
explanatory variables held constant. Each additional 1 percent of old population 
is associated with 0.26 percent of population decline in 2000 to 2010, with all the 
other explanatory variables held constant. Each additional 1 percent of unemploy-
ment rate is associated with 0.25 percent of population decline in 2000 to 2010, 
with all the other explanatory variables held constant. Each additional 1 percent 
of forest coverage is associated with 0.06 percent of population decline in 2000 to 
2010, with all the other explanatory variables held constant. Each additional 1 per-
cent of land available for development is associated with 0.04 percent of population 
growth in 2000 to 2010, with all the other explanatory variables held constant. 
The interpretation of the association between these explanatory variables and the 
response variable is not as straightforward as the standard linear regression (see 
cautionary note 3 in Section 3.2.6).

The spatial lag effect is positive and statistically significant. The spatial lag 
effect comes from the spatially lagged population change in 2000 to 2010. 
Each MCD gains 0.25 percent for each percentage point of weighted popula-
tion growth in its neighbors. Recall that the 4-nearest neighbor weight matrix 
is the one used for fitting the spatial lag model. Thus, the spatially lagged popu-
lation change is measured as the average of the 4-nearest neighbors’ population 
change in 2000 to 2010. If each of the four neighbors gains 1 percent of popu-
lation growth, the spatial lag effect is associated with 0.25 percent population 
growth in the MCD, with all the explanatory variables held constant. The  
0.25 percent growth does not originate from “organic” growth but evolves as a 
“gift” from its neighbors.

Based on the information criteria approach, the more appropriate spatial weight 
matrix to choose is the one that provides the best model fitting to data balanced 
with model parsimony, which can be detected by AIC or BIC. According to online 
Appendix B.3, the spatial lag model is best fit to data balanced with model parsi-
mony based on the 20-mile general distance weight matrix among forty matrices 
(Table 3.3; model 12 of online Appendix B.3). There appears to be less cluster-
ing of residuals (Figure 3.3) than that of the spatial lag model residuals based on 
the 4-nearest neighbor weight matrix (Figure 3.2) and obviously less than that of  
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Chapter 3 ■ Models Dealing With Spatial Dependence  73

TABLE 3.3     Spatial lag model results based on the 20-mile  
general distance weight matrix

Model 12

Intercept 0.024

Previous growth 0.047*

Old −0.186**

Unemployment −0.236*

Airport 0.086

Forest −0.028

Land developability 0.039*

Spatial lag 0.617***

Measures of fit

 Log-likelihood 1,167.01

 AIC −2,318.02

 BIC −2,273.89

Note: AIC = Akaike’s information criterion; BIC = Schwartz’s Bayesian information criterion.

*Significant at the α = .05 level. **Significant at the α = .01 level. ***Significant at the α = .001 level.

the standard linear regression residuals (Figure 3.1). The coefficient magnitudes  
(in terms of the absolute value) of the explanatory variables in model 12 are all 
smaller than those of model 6, correspondingly, except intercept, land developability, 
and spatial lag. The coefficient of the spatial lag increases from 0.248 in model 6 to 
0.617 in model 12.

What are plausible reasons for the spatial lag effect? It may partly be explained by 
the improvement of the transportation network and tools, which integrate nearby 
places together. Tobler’s (1970) first law of geography states that everything relates 
to each other, but the nearer ones do more so than the more distant ones. Location 
theory sees transportation infrastructure as a facilitator of population flows (Chi, 
2010a). With improved transportation infrastructure, people gain more autonomy 
in choosing their home MCD. When housing prices increase in an MCD due 
to population growth, residents move to neighboring MCDs with lower housing 
prices until the prices reach equilibrium, and vice versa.

According to online Appendix B.3, applying a different spatial weight matrix to the 
spatial lag model results in a different set of coefficients. To illustrate this point, we 
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74  Spatial Regression Models for the Social Sciences

FIGURE 3.3     Residuals of the spatial lag model based on  
the 20-mile general distance weight matrix

select land developability as an example and graph its coefficients based on each of  
the forty spatial weight matrices in Figure 3.4. The coefficients of land developability  
fall between 0.03 and 0.05. The general distance weight matrices based on 90 
and 100 miles produce the highest coefficient (= 0.049). The 4-nearest neighbor 
weight matrix produces the lowest coefficient (= 0.036). There is a clear pattern that 
the coefficients increase from 10 miles to 100 miles based on the general distance 
weight matrices.

3.3 SPATIAL ERROR MODELS
3.3.1 What Is a Spatial Error Model?

Besides a spatial lag model, a spatial error model is the other type of spatial regres-
sion model that is often used in the social sciences. A spatial error model accounts 

Spatial dependence 
is accounted for in a 
spatial error model 
by an error term 
and an associated 
spatially lagged 
error term.
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76  Spatial Regression Models for the Social Sciences

for spatial dependence by an error term and an associated spatially lagged error 
term (Anselin & Bera, 1998). A spatial error model is specified as

 Y X u u Wu= + = +β ρ ε,  (3.3)

where

Y is an n-by-1 vector of response variables,

X is an n-by-p design matrix of explanatory variables,

β is a p-by-1 vector of regression coefficients,

u is an n-by-1 vector of error terms,

ρ is a scalar spatial error parameter,

W is an n-by-n spatial weight matrix, and

ε is an n-by-1 vector of error terms that are normally and independently but not 
necessarily identically distributed.

When ρ = 0, the spatial lag model (equation [3.3]) is reduced to the standard linear 
regression model (equation [3.1]). That is, the standard linear regression model 
(equation [3.1]) is nested in the more advanced spatial lag model (equation [3.3]). 
Unlike for the spatial lag model, for the spatial error model the expectation of Y is 
Xβ and the interpretation of β is more straightforward.

Since u is a vector of error terms and W denotes a spatial weight matrix, Wu is a 
spatially lagged error term in the sense that it is a weighted average of the error 
terms in the neighborhood. Just as in a spatial lag model where the spatial depen-
dence is modeled by the response variable (Y ) and the associated spatially lagged 
variable (WY ), in a spatial error model, the spatial dependence is modeled by the 
relation between an error term (u) and the associated spatially lagged error term 
(Wu). The spatial error model is sometimes referred to as the simultaneous spatial 
autoregressive model.

3.3.2 Model Fitting via Maximum Likelihood

As with spatial lag models, the parameters of spatial error models are estimated and 
inferred via maximum likelihood; the OLS estimation as used in standard linear 
regression models does not directly account for spatial dependence in the model. 
Model fitting to data balanced with model parsimony can be measured by AIC and 
BIC. Refer to Section 3.2 for details.

Wu is a spatially 
lagged error term 
because it is a 
weighted average of 
the neighborhood 
error terms.
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Chapter 3 ■ Models Dealing With Spatial Dependence  77

3.3.3 Model Diagnostics

Similar to the diagnostics for a spatial lag model, there are several sets of model 
diagnostics to perform when fitting a spatial error model:

• The first sets of diagnostics are those performed after fitting a 
standard linear regression model, including diagnostics for possible 
multicollinearity, heteroscedasticity, and others.

• Another set of diagnostics is to detect possibly remaining spatial 
dependence after accounting for spatial dependence through the spatial 
error model.

The measures of model fitting to data include maximum log-likelihood value, 
AIC, and BIC. Refer to Section 3.2 for details.

3.3.4 When Is a Spatial Error Model Needed?

The question now becomes, when do we need a spatial error model? Generally, 
there are two situations in which an analysis would benefit from spatial error mod-
eling. The first, which is the most often referenced justification, is when spatial 
error dependence exists (Anselin & Bera, 1998). A spatial error model is considered 
when the standard linear regression residuals exhibit spatial dependence in the 
residuals; this can be diagnosed by the LM test and robust LM test for errors. 
Essentially, after we fit a standard linear regression model, we could diagnose 
whether the regression residuals exhibit spatial error dependence on the basis of 
a number of spatial weight matrices. If the LM test and robust LM test indicate 
clear evidence of spatial dependence in the residuals, a spatial error model would 
be appropriate and often is deemed more appropriate than the standard linear 
regression model in inferring about the relation between the response variable and 
explanatory variables. The measures of goodness of model fit, such as AIC and BIC, 
could be compared to determine whether the spatial error model is superior to the 
standard linear regression model in terms of model fitting to data balanced with 
model parsimony.

The second situation in which a spatial error model might be appropriate is when 
the researchers suspect the standard linear regression residuals are spatially cor-
related, especially when the phenomenon of study is a spatial one and when some 
potentially important explanatory variables are not included in the model. A sta-
tistically significant spatial dependence parameter indicates spatial dependence in 

In a spatial error 
model, spatial 
dependence in 
errors indicated 
by a statistically 
significant spatial 
dependence 
parameter may 
be due to key 
explanatory 
variables that are 
not included in the 
model.
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78  Spatial Regression Models for the Social Sciences

errors, which is sometimes due to key explanatory variables that are not included 
in the model (Anselin & Bera, 1998). Conceptually, a spatial error model helps 
account for explanatory variables that could have strong additional associations 
with the response variable but are not included in the model.

One school of thought is that the exclusion of spatial error dependence when it 
exists is not as serious as the exclusion of spatial lag dependence (Anselin & Bera, 
1998). The main argument is that if spatial error dependence exists, the standard 
linear regression estimates become inefficient, but they are still unbiased, whereas 
if spatial lag dependence exists, the standard linear regression estimates become 
inconsistent and biased.

3.3.5 Which Spatial Weight Matrix  
to Use in a Spatial Error Model?

In a spatial error model, a spatial weight matrix needs to be specified. Again, many 
types of spatial weight matrices with different specifications could be potentially 
useful. The use of different spatial weight matrices will result in different param-
eter estimates for β and ρ. Which spatial weight matrix is to be used for a spatial 
error model? Similar to spatial lag models, there are at least two approaches to 
select an appropriate spatial weight matrix for fitting a spatial error model. The first 
approach is based on theoretical concepts or findings of previous studies.

If such related concepts or studies do not exist, we could adopt a data-driven 
approach, which is the second approach. After we fit the standard linear regression 
model, we could examine the spatial dependence in the residuals, which can be 
measured by Moran’s I statistic based on a variety of spatial weight matrices. The 
spatial weight matrix that we deem as more appropriate is the one that captures the 
maximum spatial dependence of the standard linear regression residuals compan-
ioned with a high level of statistical significance (Chi & Zhu, 2008). Alternatively, 
we may use an information criterion, such as AIC or BIC, to compare the fit of 
the models under different spatial weight matrices. Other approaches are possible 
and continue to be developed. By and large, as we mentioned in Section 3.2, it 
remains an open research question as to how to properly or even optimally specify 
the spatial weight matrix.

3.3.6 Spatial Lag Models or Spatial Error Models?

Now we have learned both spatial lag models and spatial error models. The next 
question is, which one is to be used if the diagnostics indicate spatial dependence? 
The literature offers at least two approaches:
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Chapter 3 ■ Models Dealing With Spatial Dependence  79

• a data-driven approach and

• a theory-based approach.

The data-driven approach fits a spatial lag model and tests for lack of spatial error 
dependence and then fits a spatial error model and tests for lack of spatial lag depen-
dence. The data-driven approach was found by Voss and Chi (2006), in a study 
examining population growth, to be helpful in determining the better model spec-
ification to account for spatial dependence. The theory-based approach makes the 
question of whether to use a spatial lag model or a spatial error model based on sub-
stantive grounds (Doreian, 1980). Both approaches are used for spatial regression; 
however, researchers tend to prefer the data-driven method when data rather than 
theoretical concerns are what motivate spatial data analysis (Anselin, 2002, 2003).

3.3.7 Spatial Models: SAR, CAR, and SMA

Areal data analysis can be conducted using different models (or processes). A 
frequently used one in the existing social science literature is the simultaneous 

autoregressive (SAR) model. In a SAR model, the relations among the response 
variables at all locations are explained simultaneously and the spatial effects are 
considered to be endogenous (Anselin, 2003; Cressie, 1993). Another popular 
process is the conditional autoregressive (CAR) model. In CAR models, the 
distribution of a response variable (or regression error) at one location is specified 
by conditioning on the values of its neighbors, and the neighbors’ spatial effect 
is considered to be exogenous (Anselin, 2003; Cressie, 1993). It should be noted 
that the spatial lag model, spatial error model, and other spatial regression models 
introduced in the rest of this book are specified using the SAR model.

Model specification is the key distinction between the SAR and CAR models 
(Cressie, 1993). Statistics literature and other disciplines often employ CAR mod-
els, while spatial econometrics and spatial regression models for social scientists 
favor SAR models. The interpretation of the spatial autocorrelation coefficients in 
SAR models is similar to that of the standard linear regression coefficients and 
is common for social scientists, thus making SAR models seem more natural for 
social scientists. The two models are related, however, as SAR models may be rep-
resented by higher-order CAR models (Cressie, 1993).

In addition, areal data can be analyzed using the spatial moving average (SMA) 

model, which models the error process by a linear combination of white noises at 
neighboring locations, akin to the moving average models in time series.

Areal data analysis 
can be conducted 
using simultaneous 
autoregressive 
models, conditional 
autoregressive 
models, or spatial 
moving average 
models.
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3.3.8 Data Example

To illustrate the use of spatial error models, we use our example that examines 
population growth from 2000 to 2010 and its relation to its explanatory variables 
at the MCD level in Wisconsin. We expect that the explanatory variables do not 
sufficiently explain population growth and that spatial dependence might exist in 
the error term of the standard linear regression model. We further apply a spatial 
error model to account for the spatial error dependence.

According to the standard linear regression results (Table 3.1; online  
Appendix B.2), the standard linear regression residuals exhibit statistically signifi-
cant spatial dependence based on any of the forty spatial weight matrices. The LM 
and robust LM tests indicate that the standard linear regression residuals exhibit 
both spatial lag and spatial error dependence. In this section, we focus on the spa-
tial error dependence and apply a spatial error model to account for it.

As discussed previously in this chapter, the use of different spatial weight matrices could 
result in different model parameter estimates. An appropriate spatial weight matrix 
to choose is the one that captures the maximum spatial dependence of the standard 
linear regression residuals companioned with a high level of statistical significance. 
Alternatively, we could use AIC or BIC to compare the fit of the models under differ-
ent spatial weight matrices. Both approaches were demonstrated for selecting a more 
appropriate spatial lag model in Section 3.2. For purposes of simplicity, we use the first 
approach in this section. Based on online Appendix B.2, the standard linear regres-
sion model residuals have the highest Moran’s I value based on the 4-nearest neighbor 
weight matrix among forty spatial weight matrices. Thus, the 4-nearest neighbor weight 
matrix is selected for fitting a spatial error model; the results are presented in Table 3.4.

Overall, the coefficient magnitudes and the significance of the explanatory vari-
ables in the spatial error model are similar to those in the standard linear regression 
model and the spatial lag model based on the 4-nearest neighbor weight matrix. 
Proximity to airports becomes statistically insignificant at the α = .05 level, though. 
Each additional 1 percent of previous population growth is associated with 0.05 
percent of population growth in 2000 to 2010, with all the other explanatory vari-
ables held constant. Each additional 1 percent of old population is associated with 
0.26 percent of population decline in 2000 to 2010, with all the other explanatory 
variables held constant. Each additional 1 percent of unemployment rate is asso-
ciated with 0.28 percent of population decline in 2000 to 2010, with all the other 
explanatory variables held constant. Each additional 1 percent of forest coverage 
is associated with 0.09 percent of population decline in 2000 to 2010, with all 
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the other explanatory variables held constant. Each additional 1 percent of land 
available for development is associated with 0.04 percent of population growth in 
2000 to 2010, with all the other explanatory variables held constant. Comparing 
the results of the spatial error model to the spatial lag model based on the 4-nearest 
neighbor weight matrix (Table 3.2), the spatial error model is slightly better fitted 
to data balanced with model parsimony based on the fact that the AIC and BIC 
values are smaller in the spatial error model than in the spatial lag model. The esti-
mated regression coefficients of intercept, old, and land developability in the spatial 
error model are larger than those in the spatial lag model, while the estimated 
regression coefficients of previous growth, unemployment, airport, and forest in the 
former are smaller than their counterparts in the latter.

Comparing these results to the standard linear regression results (Table 3.1), the 
spatial error model is revealed to be better fitted to data balanced with model parsi-
mony based on the fact that the AIC and BIC values are smaller in the spatial error 
model than those in the standard linear regression model. Therefore, the spatial 
error model is deemed better than the standard linear regression model for inter-
preting the explanatory variables’ associations with population growth.

TABLE 3.4    Spatial error model results

Coefficient SE

Intercept 0.078*** 0.020

Previous growth 0.046* 0.021

Old −0.261*** 0.060

Unemployment −0.276* 0.109

Airport 0.106 0.086

Forest −0.089*** 0.017

Land developability 0.037* 0.018

Spatial error 0.237*** 0.031

Measures of fit

 Log-likelihood 1,147.10

 AIC −2,280.21

 BIC −2,241.60

Note: 4-nearest neighbor weight matrix is used here. AIC = Akaike’s information criterion; BIC = 
Schwartz’s Bayesian information criterion; SE = standard error.

*Significant at the α = .05 level. ***Significant at the α = .001 level.
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The spatial error effect is positive and statistically significant, which may be 
attributed to not including some important explanatory variables in the model. 
The spatial error term is slightly smaller than the spatial lag term of the spatial lag 
model based on the 4-nearest neighbor weight matrix (Table 3.2). The inclusion of 
the spatial error effects assists in accounting for those variables. The interpretation 
of the spatial error effects, however, is not as straightforward as that of the spatial 
lag effects, because the spatial dependence is among the unobserved error terms, 
not the observable response variable. The distribution of the spatial error model 
residuals (Figure 3.5) suggests that there remain clusters of residuals along I-90 
from La Crosse to Madison and some areas in the Northwoods. This demands 
further examination of the spatial dependence in advanced models, which are 
introduced in Chapter 4.

FIGURE 3.5     Residuals of the spatial error model based on the 
4-nearest neighbor weight matrix
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Study Questions

 1. What are the assumptions of a standard 
linear regression model for fitting to 
data? And which one is related to spatial 
dependence?

 2. What tools do we use to diagnose spatial 
dependence in the model residuals?

 3. When do we need to account for spatial 
dependence?

 4. What is the difference between the ordinary 
least squares (OLS) estimation and the 
maximum likelihood estimation (MLE)?

 5. What is a spatial lag model? What is a 
spatial error model?

 6. How do we fit a spatial lag model? How do 
we fit a spatial error model?

 7. How do we interpret the spatial lag effect 
and the spatial error effect?

 8. Which spatial weight matrix do we use 
in a spatial lag model or a spatial error 
model?

 9. What should we be cautious about when 
using a spatial lag model or a spatial error 
model?

10. How do we choose between a spatial lag 
model and a spatial error model?

11. For your research, is a data-driven 
approach or a theory-driven approach 
more appropriate in selecting a spatial 
weight matrix and choosing an appropriate 
spatial regression model?

12. By using a spatial lag model or a spatial 
error model, how might the interpretation 
of the results help you make a (spatial) 
theoretical contribution to your area of 
research?
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