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5
THE NORMAL DISTRIBUTION

We have learned some important things about distributions: how 
to organize them into frequency distributions, how to display them 
using graphs, and how to describe their central tendencies and varia-
tion using measures such as the mean and the standard deviation. 
The distributions that we have described so far are all empirical 
distributions—that is, they are all based on real data.

On the other hand, the focus of this chapter is the distribution 
known as the normal curve or the normal distribution. The nor-
mal distribution is a theoretical distribution, similar to an empirical 
distribution in that it can be organized into frequency distributions, 
displayed using graphs, and described by its central tendency and 
variation using measures such as the mean and the standard devia-
tion. However, unlike an empirical distribution, a theoretical distri-
bution is based on theory rather than on real data. The value of the 
theoretical normal distribution lies in the fact that many empirical 
distributions that we study seem to approximate it. We can often 
learn a lot about the characteristics of these empirical distributions 
based on our knowledge of the theoretical normal distribution.

PROPERTIES OF 
THE NORMAL DISTRIBUTION

The normal curve (Figure 5.1) is bell-shaped. One of the most strik-
ing characteristics of the normal distribution is its perfect symme-
try. If you fold Figure 5.1 exactly in the middle, you have two equal 
halves, each the mirror image of the other. This means that precisely 
half the observations fall on each side of the middle of the distribu-
tion. In addition, the midpoint of the normal curve is the point hav-
ing the maximum frequency. This is also the point at which three 
measures coincide: (1) the mode (the point of the highest frequency), 
(2) the median (the point that divides the distribution into two equal 
halves), and (3) the mean (the average of all the scores). Notice also 
that most of the observations are clustered around the middle, with 
the frequencies gradually decreasing at both ends of the distribution.

Normal 
distribution A 
bell-shaped and 
symmetrical 
theoretical distribution 
with the mean, the 
median, and the mode 
all coinciding at its 
peak and with the 
frequencies gradually 
decreasing at both 
ends of the curve.

Chapter 
Learning 
Objectives
1. Explain the importance 

and use of the normal 
distribution in statistics

2. Describe the properties of 
the normal distribution

3. Transform a raw score 
into standard (Z) score 
and vice versa

4. Transform a Z score into 
proportion (or percentage) 
and vice versa

5. Calculate and interpret 
the percentile rank of a 
score
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129CHAPTER 5 • The Normal Distribution

Empirical Distributions  
Approximating the Normal Distribution
The normal curve is a theoretical ideal, and real-life distributions never match this model 
perfectly. However, researchers study many variables (e.g., standardized tests such as the 
SAT, ACT, or GRE) that closely resemble this theoretical model. When we say that a vari-
able is “normally distributed,” we mean that the graphic display will reveal an approximately 
bell-shaped and symmetrical distribution closely resembling the idealized model shown in 
Figure 5.1. This property makes it possible for us to describe many empirical distributions 
based on our knowledge of the normal curve.

Areas Under the Normal Curve
In all normal or nearly normal curves, we find a constant proportion of the area under the 
curve lying between the mean and any given distance from the mean when measured in stan-
dard deviation units.

The area under the normal curve may be conceptualized as a proportion or percentage of the 
number of observations in the sample. Thus, the entire area under the curve is equal to 1.00 
or 100% (1.00 × 100) of the observations. Because the normal curve is perfectly symmetrical, 
exactly 0.50 or 50% of the observations lie above or to the right of the center, which is the 
mean of the distribution, and 50% lie below or to the left of the mean.

In Figure 5.2, note the percentage of cases that will be included between the mean and 1, 2, 
and 3 standard deviations above and below the mean. The mean of the distribution divides it 
exactly into half; 34.13% is included between the mean and 1 standard deviation to the right 
of the mean, and the same percentage is included between the mean and 1 standard deviation 
to the left of the mean. The plus signs indicate standard deviations above the mean; the minus 
signs denote standard deviations below the mean. Thus, between the mean and ±1 standard 
deviation, 68.26% of all the observations in the distribution occur; between the mean and ±2 
standard deviations, 95.46% of all observations in the distribution occur; and between the 
mean and ±3 standard deviations, 99.72% of the observations occur.

Figure 5.1 The Normal Curve

Mean
Median
Mode
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LEARNING CHECK

Review the properties of the normal curve. What is the area underneath the curve equal to? What 
percentage of the distribution is within 1 standard deviation? Within 2 and 3 standard devia-
tions? Verify the percentage of cases by summing the percentages in Figure 5.2.

Figure 5.2 Percentages Under the Normal Curve

2.13% 13.60% 34.13% 34.13% 13.60% 2.13%

−3σ −2σ −σ µ +σ +2σ +3σ

68.26%

95.46%

99.72%

Interpreting the Standard Deviation
The fixed relationship between the distance from the mean and the areas under the curve 
represents a property of the normal curve that has highly practical applications. As long as a 
distribution is normal and we know the mean and the standard deviation, we can determine 
the proportion or percentage of cases that fall between any score and the mean.

This property provides an important interpretation for the standard deviation of empirical 
distributions that are approximately normal. For such distributions, when we know the mean 
and the standard deviation, we can determine the percentage or proportion of scores that 
are within any distance, measured in standard deviation units, from that distribution’s mean.

Not every empirical distribution is normal. We’ve learned that the distributions of some com-
mon variables, such as income, are skewed and therefore not normal. The fixed relationship 
between the distance from the mean and the areas under the curve applies only to distribu-
tions that are normal or approximately normal.

AN APPLICATION OF THE NORMAL CURVE

For the rest of this chapter discussion, we rely on the results of the 2014–2015 SAT examina-
tion. You may have taken the SAT exam as part of your college admission process. Though 
there is much debate on the predictive value of SAT scores on college success and some 
schools have revised their SAT requirements, the exam is still widely regarded as the stan-
dardized assessment test to measure college readiness and student quality.
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131CHAPTER 5 • The Normal Distribution

The current SAT includes three components: (1) critical reading, (2) mathematics, and (3) 
writing. The perfect score for each component is 800, for a total possible of 2,400. Table 5.1 
presents mean and standard deviation statistics for all 2014–2015 senior test takers. The results 
of the SAT exam, combined or for each component, are assumed to be normally distributed. 
Throughout this chapter, we will use the normal (theoretical) curve to describe and better 
understand the characteristics of the SAT writing empirical (real data) distribution.

Transforming a Raw Score Into a Z Score
We can express the difference between any score in a distribution and the mean in terms of stan-
dard scores, also known as Z scores. A standard (Z) score is the number of standard deviations 
that a given raw score (or the observed score) is above or below the mean. A raw score can be 
transformed into a Z score to find how many standard deviations it is above or below the mean.

To transform a raw score into a Z score, we divide the difference between the score and the 
mean by the standard deviation. For example, if we want to transform a 584 SAT writing score 
into a Z score, we subtract the mean writing score of 475 from 584 and divide the difference 
by the standard deviation of 109 (mean and standard deviation reported in Table 5.1).

This calculation gives us a method of standardization known as transforming a raw score into 
a Z score (also known as a standard score). The Z-score formula is

Z
Y Y

s
=

−
 (5.1)

Thus, the Z score of 584 is

584 475
109

109
109

1 00
−

= = .

or 1 standard deviation above the mean. Similarly, for a 366 SAT writing score, the Z score is

366 475
109

109
109

1 00
−

=
−

= − .

or 1 standard deviation below the mean. The negative sign indicates that this score is below (on 
the left side of) the mean.

A Z score allows us to represent a raw score in terms of its relationship to the mean and to 
the standard deviation of the distribution. It represents how far a given raw score is from the 
mean in standard deviation units. A positive Z indicates that a score is larger than the mean, 
and a negative Z indicates that it is smaller than the mean. The larger the Z score, the larger 
the difference between the score and the mean.

Standard (Z) 
score The number of 
standard deviations 
that a given raw score is 
above or below the mean.

Table 5.1  2014–2015 SAT Component Means and Standard Deviations for 
High School Seniors

Number 

of Test 

Takers

Critical Reading Mathematics Writing

Mean

Standard 

Deviation Mean

Standard 

Deviation Mean

Standard 

Deviation

1,108,165 485 110 501 117 475 109

Source: College Board, 2015 College-Bound Seniors Total Group Profile Report, Table 3, 2015.
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THE STANDARD NORMAL DISTRIBUTION

When a normal distribution is represented in standard scores (Z scores), we call it the stan-
dard normal distribution. Standard scores, or Z scores, are the numbers that tell us the 
distance between an actual score and the mean in terms of standard deviation units. The 
standard normal distribution has a mean of 0.0 and a standard deviation of 1.0.

Figure 5.3 shows a standard normal distribution with areas under the curve associated with 1, 
2, and 3 standard scores above and below the mean. To help you understand the relationship 
between raw scores of a distribution and their respective standard Z scores, we also show the 
SAT writing scores that correspond to these standard scores. For example, notice that the 
mean for the SAT writing score distribution is 475 and the corresponding Z score—the mean 
of the standard normal distribution—is 0. As we’ve already calculated, the score of 584 is 1 
standard deviation above the mean (475 + 109 = 584); therefore, its corresponding Z score is 
+1. Similarly, the score of 366 is 1 standard deviation below the mean (475 − 109 = 366), and 
its Z-score equivalent is −1.

THE STANDARD NORMAL TABLE

We can use Z scores to determine the proportion of cases that are included between the mean 
and any Z score in a normal distribution. The areas or proportions under the standard normal 
curve, corresponding to any Z score or its fraction, are organized into a special table called 
the standard normal table. The table is presented in Appendix B. In this section, we discuss 
how to use this table.

Table 5.2 reproduces a small part of the standard normal table. Note that the table consists of 
three columns (rather than having one long table, we have moved the second half of the table 
next to the first half, so the three columns are presented in a six-column format).

Column A lists positive Z scores. (Note that Z scores are presented with two decimal places. 
In our chapter calculations, we will do the same.) Because the normal curve is symmetrical, 
the proportions that correspond to positive Z scores are identical to the proportions corre-
sponding to negative Z scores.

Standard normal 
distribution A normal 
distribution represented 
in standard (Z) scores, 
with mean = 0 and 
standard deviation = 1.

Standard normal 
table A table showing 
the area (as a proportion, 
which can be translated 
into a percentage) under 
the standard normal 
curve corresponding 
to any Z score or its 
fraction.

Figure 5.3 The Standard Normal Distribution

2.13% 13.60% 34.13% 34.13% 13.60% 2.13%

−3z

148 257 366 475 584 693 802

−2z −z +z0 +2z +3zZ scores

Raw scores 
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133CHAPTER 5 • The Normal Distribution

Column B shows the area included between the mean and the Z score listed in Column A. 
Note that when Z is positive, the area is located on the right side of the mean (see Figure 5.4a), 
whereas for a negative Z score, the same area is located left of the mean (Figure 5.4b).

Column C shows the proportion of the area that is beyond the Z score listed in Column A. 
Areas corresponding to positive Z scores are on the right side of the curve (see Figure 5.4a). 
Areas corresponding to negative Z scores are identical except that they are on the left side of 
the curve (Figure 5.4b).

In Sections 1–4, we present examples of how to transform Z scores into proportions or per-
centages to describe different areas of the empirical distribution of SAT writing scores.

Table 5.2 The Standard Normal Table

(A) (B) (C) (A) (B) (C)

Z

Area Between 

Mean and Z

Area Beyond 

Z Z

Area Between 

Mean and Z

Area Beyond 

Z

0.00 0.0000 0.5000 0.21 0.0832 0.4168

0.01 0.0040 0.4960 0.22 0.0871 0.4129

0.02 0.0080 0.4920 0.23 0.0910 0.4090

0.03 0.0120 0.4880 0.24 0.0948 0.4052

0.04 0.0160 0.4840 0.25 0.0987 0.4013

0.05 0.0199 0.4801 0.26 0.1026 0.3974

0.06 0.0239 0.4761 0.27 0.1064 0.3936

0.07 0.0279 0.4721 0.28 0.1103 0.3897

0.08 0.0319 0.4681 0.29 0.1141 0.3859

0.09 0.0359 0.4641 0.30 0.1179 0.3821

0.10 0.0398 0.4602 0.31 0.1217 0.3783

Figure 5.4 Areas Between Mean and Z (B) and Beyond Z (C)

Mean +Z −Z

B

Mean

B

C C

a. Positive Z b. Negative  Z

0.500 of
total area

0.500 of
total area
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1. Finding the Area Between the  
Mean and a Positive or Negative Z Score
We can use the standard normal table to find the area between the mean and specific Z scores.

To find the area between 475 and 675, follow these steps.

1. Convert 675 to a Z score:
675 475

109
200
109

1 83
−

= = .

2. Look up 1.83 in Column A (in Appendix B) and find the corresponding area 
in Column B, 0.4664. We can translate this proportion into a percentage 
(0.4664 × 100 = 46.64%) of the area under the curve included between the 
mean and a Z score of 1.83 (Figure 5.5).

3. Thus, 46.64% of the total area lies between 475 and 675.

To find the actual number of students who scored between 475 and 675, multiply the propor-
tion 0.4664 by the total number of students. Thus, 516,848 students (0.4664 × 1,108,165 = 
516,848) obtained a score between 475 and 675.

For a score lower than the mean, such as 305, we can use the standard normal table and the 
following steps.

1. Convert 300 to a Z score:

305 475
109

170
109

1 56
−

=
−

= − .

2. Because the proportions that correspond to positive Z scores are identi-
cal to the proportions corresponding to negative Z scores, we ignore the 
negative sign of Z and look up 1.56 in Column A. The area correspond-
ing to a Z score of 1.56 is .4406. This indicates that 0.4406 of the area 
under the curve is included between the mean and a Z of −1.56 (Figure 
5.6). We convert this proportion to a percentage, 44.06%.

3. Thus, 44.06% of the distribution lies between the scores 305 and 475.

Figure 5.5  Finding the Area Between the Mean and a Specified Positive Z Score

0

475 675

1.83

Raw score

Z score

46.64%
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135CHAPTER 5 • The Normal Distribution

LEARNING CHECK

How many students obtained a score between 305 and 475?

2. Finding the Area Above a  
Positive Z Score or Below a Negative Z Score
The normal distribution table can also be used to find the area beyond a Z score, SAT scores 
that lie at the tip of the positive or negative sides of the distribution (Figure 5.7).

For example, what is the area below a score of 750? The Z score corresponding to a final SAT 
writing score of 750 is equal to 2.52.

750 475
109

275
109

2 52
−

= = .

The area beyond a Z of 2.52 includes all students who scored above 750. This area is shown in 
Figure 5.7. To find the proportion of students whose scores fall in this area, refer to the entry 
in Column C that corresponds to a Z of 2.52, 0.0059. This means that .59% (0.0059 × 100 = 
0.59%) of the students scored above 750, a very small percentage. To find the actual number of 
students in this group, multiply the proportion 0.0059 by the total number of students. Thus, 
there were 1,108,165 × 0.0059, or about 6,538 students, who scored above 750.

A similar procedure can be applied to identify the number of students on the opposite end of 
the distribution. Let’s first convert a score of 375 to a Z score:

375 475
109

100
109

0 92
−

=
−

= − .

The Z score corresponding to a final score of 375 is equal to −0.92. The area beyond a Z of 
−0.92 includes all students who scored below 375. This area is also shown in Figure 5.7. Locate 
the proportion of students in this area in Column C in the entry corresponding to a Z of 0.92. 

Figure 5.6  Finding the Area Between the Mean and a Specified Negative 
Z Score

Z score

Raw score 475305

0−1.56

44.06%
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(Remember that the proportions corresponding to positive or negative Z scores are identical.) 
This proportion is equal to 0.1788. Thus, 17.88% (0.1788 × 100) of the group, or about 198,140 
(0.1788 × 1,108,165) students, performed poorly on the SAT writing exam.

LEARNING CHECK

Calculate the proportion of test takers who earned a SAT writing score of 400 or less. What is the 
proportion of students who earned a score of 600 or higher?

3. Transforming Proportions  
and Percentages Into Z Scores
We can also convert proportions or percentages into Z scores.

FINDING A Z SCORE WHICH BOUNDS AN AREA ABOVE IT Let’s say we are interested in identify-
ing the score that corresponds to the top 10% of SAT test takers. We will need to identify the 
cutoff point for the top 10% of the class. This problem involves two steps:

1. Find the Z score that bounds the top 10% or 0.1000 (0.1000 × 100 = 
10%) of all the students who took the writing SAT (Figure 5.8).

 Refer to the areas under the normal curve shown in Appendix B. First, 
look for an entry of 0.1000 (or the value closest to it) in Column C. The 
entry closest to 0.1000 is 0.1003. Then, locate the Z in Column A that 
corresponds to this proportion. The Z score associated with the propor-
tion 0.1003 is 1.28.

2. Find the final score associated with a Z of 1.28.

Figure 5.7  Finding the Area Above a Positive Z Score or Below a Negative Z 
Score

475 750375

0 2.52−.92

Raw scores 

Z scores

17.88% 5.9%
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137CHAPTER 5 • The Normal Distribution

 This step involves transforming the Z score into a raw score. To trans-
form a Z score into a raw score we multiply the score by the standard 
deviation and add that product to the mean (Formula 5.2):

Y Y Z s= + ( )  (5.2)

 Thus,

Y = 475 + 1.28(109) = 475 + 139.52 = 614.52

The cutoff point for the top 10% of SAT writing exam test takers is 615.

FINDING A Z SCORE WHICH BOUNDS AN AREA BELOW IT Now, let’s identify the score which 
corresponds to the bottom 5% of test takers. This problem involves two steps:

1. Find the Z score that bounds the lowest 5% or 0.0500 of all the students 
who took the class (Figure 5.9).

 Refer to the areas under the normal curve, and look for an entry of 0.0500 
(or the value closest to it) in Column C. The entry closest to 0.0500 is 
0.0495. Then, locate the Z in Column A that corresponds to this propor-
tion, 1.65. Because the area we are looking for is on the left side of the 
curve—that is, below the mean—the Z score is negative. Thus, the Z 
associated with the lowest 0.0500 (or 0.0495) is −1.65.

2. To find the final score associated with a Z of −1.65, convert the Z score to 
a raw score:

Y = 475 + (−1.65)(109) = 475 − 179.85 = 295.15

The cutoff for the lowest 5% of SAT writing scores is 295.

Figure 5.8 Finding a Z Score Which Bounds an Area Above It

0 1.28

475 615Raw score 

Z score

10%
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LEARNING CHECK

Which score corresponds to the top 5% of SAT writing test takers?

4. Working With Percentiles in a Normal Distribution
In Chapter 2 (“The Organization and Graphic Presentation of Data”), we defined percentiles 
as scores below which a specific percentage of the distribution falls. For example, the 95th 
percentile is a score that divides the distribution so that 95% of the cases are below it and 
5% of the cases are above it. How are percentile ranks determined? How do you convert a 
percentile rank to a raw score? To determine the percentile rank of a raw score requires trans-
forming Z scores into proportions or percentages. Converting percentile ranks to raw scores 
is based on transforming proportions or percentages into Z scores. In the following examples, 
we illustrate both procedures based on the SAT writing scores data.

FINDING THE PERCENTILE RANK OF A SCORE HIGHER THAN THE MEAN Suppose you took the 
SAT writing exam during the same year. You recall that your final score was 680, but how 
well did you do relative to the other students who took the exam? To evaluate your perfor-
mance, you need to translate your raw score into a percentile rank. Figure 5.10 illustrates this 
problem.

To find the percentile rank of a score higher than the mean, follow these steps:

1. Convert the raw score to a Z score:

680 475
109

205
109

1 88
−

= = .

The Z score corresponding to a raw score of 680 is 1.88.

2. Find the area beyond Z in Appendix B, Column C. The area beyond a Z 
score of 1.88 is 0.0301.

Figure 5.9 Finding a Z Score Which Bounds an Area Below It

0

475295

−1.65

Raw score 

Z score

5%

Draf
t P

oo
f - 

Do n
ot 

co
py

, p
os

t, o
r d

ist
rib

ute

Copyright ©2017 by SAGE Publications, Inc.   
This work may not be reproduced or distributed in any form or by any means without express written permission of the publisher.



139CHAPTER 5 • The Normal Distribution

3. Subtract the area from 1.00 and multiply by 100 to obtain the percentile rank:

Percentile rank = (1.0000 − .0301 = 0.9699) × 100 = 96.99% = 97%

Being in the 97th percentile means that 97% of all test takers scored lower than 680 and 3% 
scored higher than 680.

FINDING THE PERCENTILE RANK OF A SCORE LOWER THAN THE MEAN If your SAT score is 
380, what is your percentile rank? Figure 5.11 illustrates this problem.

To find the percentile rank of a score lower than the mean, follow these steps:

1. Convert the raw score to a Z score:

380 475
109

95
109

0 87
−

=
−

= − .

Figure 5.10 Finding the Percentile Rank of a Score Higher Than the Mean

0

475 680

1.45

Raw score 

Z score

3%
97%

680 = 97th percentile

Figure 5.11 Finding the Percentile Rank of a Score Lower Than the Mean

0

475380

−.87

Raw score 

Z score

80%20%

380 = 20th percentile
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 The Z score corresponding to a raw score of 380 is −0.87.

2. Find the area beyond Z in Appendix B, Column C. The area beyond a Z 
score of −0.87 is 0.1992.

3. Multiply the area by 100 to obtain the percentile rank:

Percentile rank = 0.1992(100) = 19.92% = 20%

The 20th percentile rank means that 20% of all test takers scored lower than you (i.e., 20% 
scored lower, but 80% scored the same or higher).

FINDING THE RAW SCORE ASSOCIATED WITH A PERCENTILE HIGHER THAN 50 Now, let’s 
assume that for an honors English program, your university will only admit students who 
scored at or above the 95th percentile in the SAT writing exam. What is the cutoff point 
required for acceptance? Figure 5.12 illustrates this problem.

To find the score associated with a percentile higher than 50, follow these steps:

1. Divide the percentile by 100 to find the area below the percentile rank:

95
100

0 95= .

2. Subtract the area below the percentile rank from 1.00 to find the area 
above the percentile rank:

1.00 − 0.95 = 0.05

3. Find the Z score associated with the area above the percentile rank.

 Refer to the area under the normal curve shown in Appendix B. First, 
look for an entry of 0.0500 (or the value closest to it) in Column C. The 
entry closest to 0.0500 is 0.0495. Now, locate the Z in Column A that 
corresponds to this proportion, 1.65.

Figure 5.12  Finding the Raw Score Associated With a Percentile Higher 
Than 50

0

475 655

1.65

Raw score 

Z score

5%95%

655 = 95th percentile
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4. Convert the Z score to a raw score:

Y = 475 + 1.65(109) = 475 + 179.85 = 654.85

The final SAT writing score associated with the 95th percentile is 654.85. This means that you 
will need a score of 655 or higher to be admitted into the honors English program.

LEARNING CHECK

In a normal distribution, how many standard deviations from the mean is the 95th percentile?

FINDING THE RAW SCORE ASSOCIATED WITH A PERCENTILE LOWER THAN 50 Finally, what is 
the score associated with the 40th percentile? To find the percentile rank of a score lower than 
50 follow these steps (Figure 5.13).

1. Divide the percentile by 100 to find the area below the percentile rank:

40
100

0 40= .

2. Find the Z score associated with this area.

 Refer to the area under the normal curve shown in Appendix B. First, look for 
an entry of 0.4000 (or the value closest to it) in Column C. The entry closest 
to 0.4000 is 0.4013. Now, locate the Z in Column A that corresponds to this 
proportion. The Z score associated with the proportion 0.4013 is −0.25.

3. Convert the Z score to a raw score:

Y = 475 + (−0.25)(109) = 475 − 27.25 = 447.75

Figure 5.13  Finding the Raw Score Associated With a Percentile Lower 
Than 50

475

0

448

−0.25

Raw score 

Z score

40% 60%

448 = 40th percentile
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The SAT writing score associated with the 40th percentile is 448. This means that 40% of the 
students scored below 448 and 60% scored above it.

LEARNING CHECK

What is the raw SAT writing score associated with the 50th percentile?

READING THE RESEARCH LITERATURE:  
CHILD HEALTH AND ACADEMIC ACHIEVEMENT

Margot Jackson (2015) relied on data from the British National Child Development Study 
1958–1974 to examine the intersection of economic disadvantage, poor health, and academic 
achievement for children aged 7 to 16 years. The longitudinal data set is comprehensive, 
tracking child health, educational progress, income, and family relationships. Jackson sug-
gests that the role of health in producing academic inequality depends on when, and for how 
long, children are in poor health.1

A CLOSER LOOK 5.1 PERCENTAGES, 
PROPORTIONS, AND PROBABILITIES
We take a moment to note the relationship between the theo-
retical normal curve and the estimation of probabilities, a topic 
that we’ll explore in more detail in Chapter 6 (“Sampling and 
Sampling Distributions”).

We consider probabilities in many instances. What is the prob-
ability of winning the lottery? Of selecting the Queen of Hearts 
out of a deck of 52 cards? Of getting your favorite parking spot 
on campus? But we rarely make the connection to some statisti-
cal computation or a normal curve.

A probability is a quantitative measure that a particular event 
will occur. Probability can be calculated as follows:

Number of times an event will occur/Total number of events

Probabilities range in value from 0 (the event will not occur) 
to 1 (the event will certainly occur).

In fact, the shape of the normal curve and the percentages 
beneath it (refer to Figure 5.2) can be used to determine prob-
abilities. By definition we know that the majority of cases are 
near the mean, within 1 to 3 standard deviation units. Thus, it 

is common—or a high probability occurrence—to find a case 
near the mean. Rare events—with smaller corresponding prob-
abilities—are further way from the mean, toward the tail ends 
of the normal curve.

In our chapter example of SAT writing scores, we’ve determined 
the proportion or percentage of cases that fall within a certain 
area of the empirical distribution. But these same calculations 
tell us the probability of the occurrence of a specific score or 
set of scores based on their distance from the mean. We cal-
culated the proportion of cases between the mean of 475 and 
a test score of 675 as .4664. We can say that the probability of 
earning a score between 475 and 675 is .4664 (at least 47 times 
out of a 100 events). What percentage of scores were 375 or 
less on the SAT writing exam? According to our calculations, it 
is 17.88%. The probability of earning a score of 375 or less is 
17.88% (18 times out of a 100 events). Notice how the calcula-
tions are unchanged, but we are shifting our interpretation from 
a percentage or a proportion to a probability.

The relationship between probabilities and sampling methods 
will be the focus of Chapter 6.Draf
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143CHAPTER 5 • The Normal Distribution

Jackson examined how standardized reading and math scores vary by the child’s health condi-
tion at ages 7, 11, and 16 (the presence of a slight, moderate, severe, or no health condition 
impeding the child’s normal functioning; asthma was the most common health condition), 
low child birth weight (weight below 5.5 pounds), and maternal smoking (amount of smoking 
by the mother after the fourth month of pregnancy).2

A portion of her study analyses is presented in Table 5.3. Jackson converts reading and math 
scores into Z scores, measuring the distance from the overall mean test score in standard 
deviation units. A positive Z score indicates that the group’s test score is higher than the mean; 
a negative score indicates that the test score is lower.

Jackson confirms her hypothesis about the cumulative effects of health on a child’s academic 
performance:

Table 5.3, which disaggregates average achievement by health status and age, reveals clear 
variation in reading and math achievement across health categories. Respondents with no 
childhood health conditions score highest on reading and math assessments at all ages. In 
contrast, low-birth-weight respondents, those exposed to heavy prenatal smoking late in 
utero, and those with early school-age health limitations perform more poorly, ranging from 
.10 to .5 of a standard deviation below average. Children with health conditions at all school 
ages perform nearly a full standard deviation lower in math and reading (p. 269).3

LEARNING CHECK

Review the mean math Z scores for the variable “conditions at age 7, 11, and 16” (the last column 
of Table 5.3). From ages 7, 11, and 16, was there an improvement in their math scores? Explain.

Table 5.3  Academic Achievement by Health, Birth to Age 16 Sample: National Child 
Development Study, 1958–1974 (N = 9,252)

No 

Health 

Condition 

Low 

Birth 

Weight

Medium/

Variable 

Smoking

Heavy 

Prenatal 

Smoking

Condition 

at Age 7

Condition 

at Ages 7, 

11, and 16

Age 7
Mean reading Z score
Mean math Z score 

0.139
0.087

−0.304
−0.321

−0.046
−0.053

−0.084
−0.085

−0.661
−0.439

−1.561
−1.026

Age 11
Mean reading Z score
Mean math Z score 

0.102
0.101

−0.337
−0.367

−0.101
−0.081

−0.144
−0.160

−0.454
−0.411

−1.196
−0.952

Age 16
Mean reading Z score
Mean math Z score 

0.115
0.084

−.317
−.321

−0.115
−0.149

−0.160
−0.196

−0.432
−0.388

−1.206
−0.706

N 7,806 445 419 1,080 586 126 

Source: Margot Jackson, “Cumulative Inequality in Child Health and Academic Achievement,” Journal of Health and 
Social Behavior 56, no. 2 (2015), 269.
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MAIN POINTS 

 • The normal distribution is central to the 
theory of inferential statistics. It also pro-
vides a model for many empirical distribu-
tions that approximate normality.

 • In all normal or nearly normal curves, 
we find a constant proportion of the area 
under the curve lying between the mean 
and any given distance from the mean 
when measured in standard deviation units.

 • The standard normal distribution is a nor-
mal distribution represented in standard 
scores, or Z scores, with mean = 0 and stan-
dard deviation = 1. Z scores express the num-
ber of standard deviations that a given score 
is located above or below the mean. The 
proportions corresponding to any Z score or 
its fraction are organized into a special table 
called the standard normal table.

DATA AT WORK

Claire Wulf Winiarek: 
Director of Collaborative 
Policy Engagement

Claire has had an impressive career in pub-
lic policy. She’s worked for a member of 
Congress, coordinated international human 
rights advocacy initiatives, and led a public 
policy team. Her experiences have led her to 
her current position with a Fortune 50 health 
insurance company. Research is a constant in 
her work. “The critical and analytic think-
ing a strong foundation in research methods 
allows informs my work—from analyzing 
draft legislation and proposed regulation to 
determining next year’s department budget, 

from estimating potential growth to making 
the case for a new program. Research is part 
of my every day.”

Claire was drawn to a career in research 
because she wanted to make a difference in 
the public sector. “Early in my career, the fre-
quency with which I returned to and leveraged 
research methods surprised me—these were 
not necessarily research positions. However, 
as government and its private sector partners 
increasingly rely on data and evidence-based 
decision-making, research methods and the 
ability to analyze their output have become 
more critical in public affairs.”

“Whether you pursue a research career or not, 
the importance of research methods—especially 
with regard to data—will be necessary for suc-
cess. The information revolution is impacting 
all industries and sectors, as well as government 
and our communities. With this ever growing 
and ever richer set of information, today’s pro-
fessionals must have the know-how to under-
stand and apply this data in a meaningful way. 
Research methods will create the critical and 
analytical foundation to meet the challenge, but 
internships or special research projects in your 
career field will inform that foundation with 
practical experience. Always look for that con-
nection between research and reality.”
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KEY TERMS 

normal  
distribution 128

standard normal 
distribution 132

standard normal table 132
standard (Z) score 131

Sharpen your skills with SAGE edge at http://edge.sagepub.com/frankfort8e. SAGE edge for 
students provides a personalized approach to help you accomplish your coursework goals in an 
easy-to-use learning environment.

SPSS DEMONSTRATION [GSS14SSDS-B] 

Producing Z Scores With SPSS

In this chapter, we have discussed the theoretical normal curve, Z scores, and the relationship 
between raw scores and Z scores. The SPSS Descriptives procedure can calculate Z scores for any 
distribution. We’ll use it to study the distribution of education in the GSS 2014 file. Locate the 
Descriptives procedure in the Analyze menu, under Descriptive Statistics, then click Descriptives. We 
can select one or more variables to place in the Variable(s) box; for now, we’ll just place EDUC 
(years of education) in this box. Check the box in the bottom left corner (Save standardized values 
as variables), create standardized values, or Z scores, as new variables. Any new variable is placed in 
a new Column in the Data View window and will then be available for additional analyses. Click 
on OK to run the procedure.

The output from Descriptives (Figure 5.14) is brief, listing the mean and standard deviation for 
EDUC, plus the minimum and maximum values and the number of valid cases.

Though not indicated in the Output window, SPSS has created a new Z-score variable 
for EDUC. To see this new variable, switch to the Data View screen. Then, go to the last 
Column, scrolling all the way to the right (Figure 5.15). By default, SPSS appends a Z to the 
variable name, so the new variable is called ZEDUC. The first case in the file has a Z score of 
−0.25199, so the education years for this person must be below the mean of 13.77. If we locate 
the respondent’s EDUC score, we see that the score for this person was 13 (not pictured), or 
below the mean as we expected. There may be missing values for ZEDUC. Missing values 
include those that the question did not apply to, those that outright refused to provide occu-
pational information, or those data entry errors that resulted in an invalid answer.

Figure 5.14  Descriptives for Education
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If the data file is saved, the new Z-score variable will be saved along with the original data and 
then can be used in analyses. In addition, if we have SPSS calculate the mean and standard 
deviation of ZEDUC, we find that they are equal to 0 and 1.00, respectively.

SPSS PROBLEMS [GSS14SSDS-B] 

1. The majority of variables that social scientists study are not normally distributed. This doesn’t 
typically cause problems in analysis when the goal of a study is to calculate means and standard 
deviations—as long as sample sizes are greater than about 50. (This will be discussed in later 
chapters.) However, when characterizing the distribution of scores in one sample, or in a com-
plete population (if this information is available), a non-normal distribution can cause complica-
tions. We can illustrate this point by examining the distribution of age in the GSS data file.

a. Create a histogram for AGE. Click on Analyze, Frequencies (select AGE), Charts, and 
Histograms (select Show normal curve on histogram). How does the distribution of AGE 
deviate from the theoretical normal curve?

b. Calculate the mean and standard deviation for AGE in this sample, using either the 
Frequencies or Descriptives procedure.

c. Assuming the distribution of AGE is normal, calculate the number of people who should be 
25 years of age or less.

d. Use the Frequencies procedure to construct a table of the percentage of cases at each value 
of AGE. Compare the theoretical calculation in (c) with the actual distribution of age in the 
sample. What percentage of people in the sample are 25 years old or less? Is this value close 
to what you calculated?

Figure 5.15  The Creation of the Z-Score Variable for EDUC
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147CHAPTER 5 • The Normal Distribution

2. In the SPSS Demonstration, we examined the distribution of EDUC (years of school completed).

a. What is the equivalent Z score for someone who has completed 18 years of education?

b. Use the Frequencies procedure to find the percentile rank for a score of 18.

c. Does the percentile rank that you found from Frequencies correspond to the Z score for a 
value of 18? In other words, is the distribution for years of education normal? If so, then the 
Z score that SPSS calculates should be very close, after transforming it into an appropriate 
area, to the percentile rank for that same score.

d. Create histograms for EDUC and the new variable ZEDUC. Explain why they have the 
same shape.

3. Run separate analyses for men versus women (SEX) based on the variables EDUC and ZEDUC. 
(Click on Data, Split File, Organize Output by Groups, and select SEX.) Answer Questions 2a–d 
separately for men and women.

CHAPTER EXERCISES 

 1. We discovered that 1,001 GSS 2014 respondents watched television for an average of 2.94 
hours per day, with a standard deviation of 2.60 hours. Answer the following questions assum-
ing the distribution of the number of television hours is normal.

a. What is the Z score for a person who watches more than 8 hours per day?

b. What proportion of people watch television less than 5 hours per day? How many does 
this correspond to in the sample?

c. What number of television hours per day corresponds to a Z score of +1?

d. What is the percentage of people who watch between 1 and 6 hours of television per day?

 2. You are asked to do a study of shelters for abused and battered women to determine the nec-
essary capacity in your city to provide housing for most of these women. After recording data 
for a whole year, you find that the mean number of women in shelters each night is 250, with a 
standard deviation of 75. Fortunately, the distribution of the number of women in the shelters 
each night is normal, so you can answer the following questions posed by the city council.

a. If the city’s shelters have a capacity of 350, will that be enough places for abused women 
on 95% of all nights? If not, what number of shelter openings will be needed?

b. The current capacity is only 220 openings, because some shelters have been closed. What 
is the percentage of nights that the number of abused women seeking shelter will exceed 
current capacity?

 3. Based on the SPSS Demonstration, we find the mean number of years of education is 13.77 
with a standard deviation of 3.10. A total of 1,500 GSS 2014 respondents were included in 
the survey. Assuming that years of education is normally distributed, answer the following 
questions.

a. If you have 13.77 years of education, that is, the mean number of years of education, what 
is your Z score?

b. If your friend is in the 60th percentile, how many years of education does she have?

c. How many people have between your years of education (13.77) and your friend’s years of 
education?
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 4. A criminologist developed a test to measure recidivism, where low scores indicated a lower 
probability of repeating the undesirable behavior. The test is normed so that it has a mean of 
140 and a standard deviation of 40.

a. What is the percentile rank of a score of 172?

b. What is the Z score for a test score of 200?

c. What percentage of scores falls between 100 and 160?

d. What proportion of respondents should score above 190?

e. Suppose an individual is in the 67th percentile in this test, what is his or her corresponding 
recidivism score?

 5. We report the average years of education for subsample of GSS 2014 respondents by their 
social class—lower, working, middle, and upper. Standard deviations are also reported for 
each class.

Mean Standard Deviation N

Lower class 12.11 2.83 122

Working class 13.01 2.91 541

Middle class 14.99 2.93 475

Upper class 15.44 2.83  34

a. Assuming that years of education is normally distributed in the population, what propor-
tion of working-class respondents have 12 to 16 years of education? What proportion of 
upper-class respondents have 12 to 16 years of education?

b. What is the probability that a working-class respondent, drawn at random from the popu-
lation, will have more than 16 years of education? What is the equivalent probability for a 
middle-class respondent drawn at random?

c. What is the probability that a lower-class respondent will have less than 10 years of 
education?

d. If years of education is actually positively skewed in the population, how would that 
change your other answers?

 6. As reported in Table 5.1, the mean SAT reading score was 485 with a standard deviation of 
110 in 2014–2015.

a. What percentage of students scored above 625?

b. What percentage of students scored between 400 and 625?

c. A college decides to liberalize its admission policy. As a first step, the admissions commit-
tee decides to exclude student applicants scoring below the 20th percentile on the reading 
SAT. Translate this percentile into a Z score. Then, calculate the equivalent SAT reading 
test score.

 7. The standardized IQ test is described as a normal distribution with 100 as the mean score and 
a 15-point standard deviation.

a. What is the Z score for a score of 150?

b. What percentage of scores are above 150?Draf
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149CHAPTER 5 • The Normal Distribution

c. What percentage of scores fall between 85 and 150?

d. Explain what is meant by scoring in the 95th percentile? What is the corresponding 
score?

 8. We’ll examine the results of the 2014–2015 SAT math exam with a mean of 501 and standard 
deviation of 117, as reported in Table 5.1.

a. What percentage of seniors scored lower than 300 on the math SAT?

b. What percentage scored between 600 and 700 points?

c. Your score is 725. What is your percentile rank?

 9. The Hate Crime Statistics Act of 1990 requires the Attorney General to collect national data 
about crimes that manifest evidence of prejudice based on race, religion, sexual orientation, 
or ethnicity, including the crimes of murder and non-negligent manslaughter, forcible rape, 
aggravated assault, simple assault, intimidation, arson, and destruction, damage, or vandalism 
of property. The Hate Crime Data collected in 2007 reveals, based on a randomly selected 
sample of 300 incidents, that the mean number of victims in a particular type of hate crime 
was 1.28, with a standard deviation of 0.82. Assuming that the number of victims was nor-
mally distributed, answer the following questions.

a. What proportion of crime incidents had more than two victims?

b. What is the probability that there was more than one victim in an incident?

c. What proportion of crime incidents had less than four victims?

10. The number of hours people work each week varies widely for many reasons. Using the GSS 
2014, you find that the mean number of hours worked last week was 41.47, with a standard 
deviation of 15.04 hours, based on a sample size of 895.

a. Assume that hours worked is approximately normally distributed in the sample. What is 
the probability that someone in the sample will work 60 hours or more in a week? How 
many people in the sample should have worked 60 hours or more?

b. What is the probability that someone will work 30 hours or fewer in a week (i.e., work part 
time)? How many people does this represent in the sample?

c. What number of hours worked per week corresponds to the 60th percentile?

11. The National Collegiate Athletic Association has a public access database on each Division I 
sports team in the United States, which contains data on team-level Academic Progress Rates 
(APRs), eligibility rates, and retention rates. The APR score combines team rates for aca-
demic eligibility and retention. The mean APR of all reporting men’s and women’s teams for 
the 2013–2014 academic year was 981 (based on a 1,000-point scale), with a standard devia-
tion of 27.3. Assuming that the distribution of APRs for the teams is approximately normal:

a. Would a team be at the upper quartile (the top 25%) of the APR distribution with an APR 
score of 990?

b. What APR score should a team have to be more successful than 75% of all the teams?

c. What is the Z value for this score?

12. According to the same National Collegiate Athletic Association data, the means and standard 
deviations of eligibility and retention rates (based on a 1,000-point scale) for the 2013–2014 
academic year are presented, along with the fictional scores for two basketball teams, A and B. 
Assume that rates are normally distributed.Draf
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Mean Standard Deviation Team A Team B

Eligibility 983 33 971 987

Retention 976  34.9 958 970

a. On which criterion (eligibility or retention) did Team A do better than Team B? Calculate 
appropriate statistics to answer this question.

b. What proportion of the teams have retention rates below Team B?

c. What is the percentile rank of Team A’s eligibility rate?

13. We present data from the 2014 International Social Survey Programme for five European 
countries. The average number of completed years of education, standard deviations, and 
sample size are reported in the table. Assuming that each data are normally distributed, 
for each country, calculate the number of years of education that corresponds to the 95th 
percentile.

Country Mean Standard Deviation N

Hungary 11.76 2.91 501

Czech Republic 12.82 2.29 914

Denmark 13.93 5.83 651

France 14.12 5.73 975

Ireland 15.15 3.90 581
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